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Abstract 

The generic quantum r 2 -model (also known as Baxter-Bazhanov-Stroganov (BBS) 
model) with periodic boundary condition is studied via the off-diagonal Bethe Ansatz 
method. The eigenvalues of the corresponding transfer matrix (solutions of the re¬ 
cursive functional relations in rj-hierarchy) with generic site-dependent inhomogeneity 
parameters are given in terms of an inhomogeneous T — Q relation with polynomial Q- 
functions. The associated Bethe Ansatz equations are obtained. Numerical solutions of 
the Bethe Ansatz equations for small number of sites indicate that the inhomogeneous 
T — Q relation does indeed give the complete spectrum. 
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1 Introduction 


Among quantum integrable models, the T 2 (BBS)-model [T] plays a special role for its unique 
properties, e.g., it is one of the simplest quantum integrable models associated with cyclic 
representation of the Weyl algebra; it allows to include multiple inhomogeneity parameters 
on each single site without breaking the integrability of the model; and more interestingly, 
the r 2 -model under certain parameter constraint is highly related to some other integrable 
models such as the chiral Potts model 0 El HI El Eld and the relativistic quantum Toda chain 
model [S]. Many papers have appeared in literature for such connections and many efforts 
have been made to obtain the solutions of chiral Potts model by solving the r 2 -model with 
a recursive functional relation punmiiE]- However, it was found that only in the super- 
integrable sub-sector [2] the algebraic Bethe Ansatz method can be applied on this model 
to obtain Baxter’s T — Q [TE] solutions and Bethe Ansatz equations, while for the generic 
r 2 -model, though its integrability [T] was proven, there is no simple Q-operator solution in 
terms of Baxter’s T — Q relation. The Q-operator is in fact a very complicated function 
dehned in high genus space and its concrete form is still hard to be derived. 

In this paper, we adopt the off-diagonal Bethe Ansatz method [H] (for comprehensive 
introduction, see [H]) to study the quantum r 2 -model. It seems that the situation of the 
generic r 2 -model is quite similar to the quantum XYZ model with an odd number of sites 
dl d. in which there is also no simple polynomial solutions of the Q-function in terms 
of Baxter’s T — Q relation. However, by including an extra off-diagonal term in the T — Q 
relation (i.e., the inhomogeneous T — Q relation), we show that the eigenvalues of the generic 
T 2 transfer matrix can be expressed explicitly in terms of a trigonometric polynomial Q 
function and thus a proper set of Bethe Ansatz equations can be derived. 

The structure of the paper is the following. In the subsequent section, we give a brief 
introduction of the T 2 transfer matrix. In section 3, we study the fundamental properties 
of the transfer matrix and its fusion hierarchy. In section 4, we give the eigenvalues of the 
transfer matrix and the associated Bethe Ansatz equations. Concluding remarks are given in 
section 5 and the detailed proofs about the inhomogeneous T — Q relation and its degenerate 
case are given in Appendices A B. 
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2 Transfer matrix 


Let R{u) G End(C^ ® C^) be the six-vertex i?-matrix 
R{u) = 


f sinh(M + rj) 0 0 0 \ 

0 sinh u sinh rj 0 

0 sinh 7] sinh u 0 

y 0 0 0 sinh(M + rj) J 

B 


with the crossing parameter rj taking the special values 1 


r] = 2iTi/p, p = 21 + 1, 1 = 1,2, 


( 2 . 1 ) 


( 2 . 2 ) 


The i?-matrix satishes the quantum Yang-Baxter equation (QYBE) [131IIB] and has played 
an important role in the quantum integrable systems and the quantum group theories ca. 
Moreover, the i?-matrix becomes some projectors when the spectral parameter u takes some 
special values: 

Antisymmetric-fusion conditions : R{—p) = —2smh.riP^~\ (2-3) 

Symmetric-fusion conditions : R{p) = 2 sinhpDiag(coshr 7 ,1, IjCOshr^) P^~^\ (2.4) 

where is the symmetric (anti-symmetric) projector of the tensor space (8) C^. 

Let V denote a p-dimensional linear space (i.e. the local Hilbert space) with an or¬ 
thonormal basis {\m) \m G Zp}. X and Z are two p x p matrices acting on the basis as 
follows: 


X\m)=q'^\m), Z|m) = |m-|-1), q = e^, m e Zp. (2.5) 

Here and below we adopt the standard notations: for any matrix A G End(V), An is an 
embedding operator in the tensor space V (g) V (8) • • •, which acts as A on the n-th space and 
as identity on the other factor spaces. Then the embedding operators {Y„, Zn\n = 1, ■ ■ ■, N} 
satisfy the ultra-local Weyl algebra: 

XnZn, = q^-ZmXn, X^ = Z^ = 1, Vu, m G {1, ■ ■ ■, N}. (2.6) 

The r 2 -model can be described by an quantum spin chain [1]. With each site n of the 

quantum chain, the associated L-operator Ln{u) G End(C^0V) dehned in the most general 

^It corresponds to the case that q = e~^ is a p-root of unity: = 1. The generalization to the case of 

77 = 2 z 7 rp'/p with two coprime positive integers p' and p is straightforward. 
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cyclic representation of Uq{sl 2 )-, is given by [T] 


Lri.i'U?) 


+ e-^dVx-^ 

{gi+^X-^ + gt^Xn)Zn 

+ hVx^)z-^ 


An{u) Bn{u) \ 


, n = 

1,...,A, 

Cn{u) Dn{u) I 


(2.7) 


where d!'n\ dn \ 5'^^ gi. \ hl^\ hh \ /n"*"^ and /i, ^ are some parameters associated with 
the n-th site. These parameters are subjected to two constraints: 


aL '> = fi '>d^+\ \ n = 1, • • •, iV. 

It was shown [1] that the L-operators satisfy the relations: 


( 2 . 8 ) 


R{u - v){Ln{u) 0 1)(1 (g) Ln{v)) = (1 0 Ln{v)){Ln{u) 0 l)R{u - v), u = 1, . . . ,N, (2.9) 

where the i?-matrix R{u) is given by (12.11) . The corresponding one-row monodromy matrix 
T{u) is thus dehned as: 

/ A(n) B(m) \ 

T{u)= , =LM{u)Lr,-,{u)---L,{u), (2.10) 

V C(m) D(m) J 

which satishes the quadratic relation known as the Yang-Baxter algebra 

R{u - v){T{u) 0 1)(1 0 T{v)) = (1 0 T{v)){T{u) 0 l)R{u - v). (2.11) 


The transfer matrix t{u) of the r 2 -model with periodic boundary condition is then given by 
the partial trace of the monodromy matrix T{u) in the auxiliary space, namely, 

t{u) = tr {T{u)) = A(-u) + D(m). (2-12) 

The quadratic relation fl2.1ip leads to the fact that the transfer matrices with different 
spectral parameters are mutually commutative [16], i.e., [t('u),t(n)] = 0, which guarantees 
the integrability of the model by treating t{u) as the generating functional of the conserved 
quantities. 

The aim of this paper is to construct the eigenvalues A(m) of the transfer matrix t{u) 
for generic inhomogeneity parameters {d!'^\ g^\ h^n^\n = 1,---,A} obeying the 

constraints fl2.8ll . 
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3 Properties of the transfer matrix 

3.1 Asymptotic behaviors and average values 

Following [m |T9] , let us introduce the operator Q which commutes with the transfer matrix 

N 

Q = n^-’ [Q,t(u)] = 0, QP = id. (3.1) 

n=l 

The explicit expression fl2.7p of the L-operator and the dehnition fl2.10|) of the monodromy 
matrix T{u) imply that the transfer matrix t{u) given by fl2.12p enjoys the asymptotic be¬ 
havior: 

lim t{u) = + • • •, (3.2) 

U^dlCxD ^ ^ 

where and are four constants related to the inhomogeneous parameters as follows: 

N N 

£><*' = !!'*“■ ■f’“ = n/F- (3.3) 

n=l n=l 

Moreover, fl2.7ll allows us to derive the quasi-periodicity 

Ln{u + in) =Ln{u) , (3.4) 

which leads to the quasi-periodicity of the transfer matrix t{u) 

t(u + in) = (3.5) 

The above relation implies that the transfer matrix t{u) can be expressed in terms of e“ as 
a Laurent polynomial of the form 

t{u) = e^^tN + H-h (3.6) 

where {tn\n = 0,1 • • •, A^} form the iV -|- 1 conserved charges. In particular, tjv and to are 
given by 

= + Q-\ 

to = Q-i + F(-) Q, 

where the constants and F^^'^ are given by fl3.3l) . 
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The property fl2.3p of the i?-matrix and the relation fl2.1ip enables one to introduce the 
quantum determinant [20l 1^ of the associated Yang-Baxter algebra 

Detg (T(m)) = A(m)D(m — rj) ~ B(m)C(m — r/). (3.7) 

Direct calculation shows that it is proportional to the identity operator and has the factorized 
form: 


N 


Detg {T(u)) = Detg (L„(m)) = a(u)d{u — p) x id 5{u) x id, 


n=l 


N 


a{u) = Yl 


^u+ri _ g-u-77g2?j 


n=l 

N 




d{u) = Yl 


e“ - e““ 


gMui-) 

-uUn 


n=l 


j(+) A+) I ’ 

tin J n 


(3.8) 

(3.9) 
(3.10) 


where and F*^^^ are given by (13.dp . 

Let us define the average value 0(u) of the matrix elements of the monodromy matrix 
T{u) (or the L-operators Ln{u)) using the averaging procedure [22] : 


o{u )=n 0{u — mt]), 


(3,11) 


m=l 


(3.12) 


Cn(u) = 


where the operator 0{u) can be {A(-u), B (m), C(m), D(m)} or {An{u),Bn{u),Cn{u),Dn{u) 
|n = 1, • • •, A}. It was shown [22] that 

= ( C(uj V(u) ) •■■.<:,(«), 

where the average value of each L-operator is given by 

*^71 (^) 

Cniu) T>niu) 

eP-{Sn+^}P + e-P^{di-^}P + {gt^jP 

{h^n^jp + {hl~^}P eP^{fi~^^}P + e-P^{ft^}P 

and n = 1, • • •, A. It is remarked that the average values of the matrix elements are Laurent 
polynomials of e^“, which implies 

T{u + g) = T{u), Cniu + g) = Cn{u), n = l,---,A, 
lim A{u) = e^P^^ , 

lim F(m) = 

t § i.—I—^ '' 


(3.13) 
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(3.14) 

(3.15) 

(3.16) 








where the constants and are given by fl3.3l) . 


3.2 Fusion hierarchy and truncation identity 

The transfer matrix t{u) given by (12.121) is constructed by tracing over a spin-| (i.e., two- 
dimensional) auxiliary space. Using the fusion procedure [201 ESI ES] , the arbitrary higher 
spin-j (j = 1, |, 2 • • •) transfer matrices t^^\u) which correspond to spin-j auxiliary spaces 
and the same quantum space, i.e., the A^-tensor space V$$ V(g) - • • can be constructed. These 
transfer matrices {t^^\u)\j = 1, |, 2 ■ ■ ■} (including the transfer matrix t{u) given by fl2.12p 

as the hrst one: t{u) = commute with each other 

= 0, j,j'e (3.17) 


and obey the fusion hierarchy relations [2311211 H [H] 


- {j - ^)r]) + 6{u) - {j + ^)r]), 

J = (3.18) 

where we have used the conventions = 0 and = id. The coefficient function 

6{u) related to the quantum determinant is given by fl3.8p . Similar higher-order functional 
relations have been obtained for RSOS models PSIESIESI and for the 8-vertex model |27j . 
Using the recursive relation fl3.18p . we can express the fused transfer matrix in terms 

of the fundamental one with a 2j-order functional relation which can be expressed as 

the determinant of some 2j x 2j matrix [26], namely. 


t{u+{j-\)r]) ^(n+(j-|)r?) 

-d{u+{j-l)r]) t{u+{j-l)ri) -a{u+{j-l)ri) 





-<i{u-{j+^)v) t{u-{j+^)v) Mu-{j+^)v) 


(3.19) 


where the functions a{u) and d{u) are given by fl3.9p and fl3.10p . 
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When the crossing parameter rj takes the special values fl2.2p . which correspond to the 
case of the root of unity, the spin-| transfer matrix satisfy the truncation identity [D [22118] 

t^l)(u) = {A{u) + V{u)) X id + 6{u - (3.20) 

where the functions A{u) and T>{u) are the average values of the operators A(m) and D(m), 
and are given by (I3.12p - (l3.13p . It is remarked that is an integer and the functions A{u) 
and T>{u) are invariant under shifting with r] fl3.14p . 

In the following part of the paper, we shall show that the asymptotic behaviors fl3.2p . the 
determinant representation (I3.19p of the transfer matrix t^^\u) and the truncation identity 
(I3.2np completely determine the eigenvalues of the fundamental transfer matrix t{u) given 
by (I2.12p . Then with the help of (13.191) we can obtain eigenvalues of all the others higher 
spin-j transfer matrices 

4 Eigenvalues of the fundamental transfer matrix 

4.1 Functional relations of eigenvalues 

The commutativity 03.171) of the fused transfer matrices with different spectral 

parameters implies that they have common eigenstates. Let |\h) be a common eigenstate of 
these fused transfer matrices with the eigenvalues A^^\u) 

The relation 03.ip allows us to decompose the whole Hilbert space "H into p subspaces, i.e., 
Ti = according to the action of the operator Q: 

Q-H(fc) = keZp. (4.1) 

The commutativity of the transfer matrices and the operator Q implies that each of the 
subspace is invariant under Hence the whole set of eigenvalues of the transfer ma¬ 

trices can be decomposed into p series, denoted by A^^\u) respectively. The eigenstates 
corresponding to A^/\u) belong to the subspace 

The quasi-periodicity fl3.5p of the transfer matrix t{u) implies that the corresponding 
eigenvalue Ak{u) satishes the property 




(4.2) 

























The asymptotic behavior fl3.2p of the transfer matrix t{u) gives rise to the fact that the 
corresponding eigenvalue Ak{u) enjoys the behavior 

lim Afc(M) + + •••. (4.3) 

u^itoo ^ ^ 

The analyticity of the L-operator (12.7p . the quasi-periodicity (14.2p and (14.dh imply that the 
eigenvalue A^i^u) possesses the following analytical property 


Afc(M), as a function of e“, is a Laurent polynomial of degree N like fl3.6p . (4.4) 

The fusion hierarchy relation 03.181) and the determinant representation 03.19P of the 
fused transfer matrices allows one to express all the eigenvalues A^^^(m) in terms of the 
fundamental one Ak{u) = A)^ [u) by 
Ak{u+{j-\)ini) -a{u+{j-\)r]) 

~d{u+{j-l)ini) Afc(u-h(j-|)7?) -a{u+{j-l)r]) 


Af{u) = 


~d{u-{j + \)r]) Ak{u-{j+\)r]) 


~a{u-{j+\)v) 

Ak{u-{j-\)7^) 


i = (4-5) 

where the functions a{u) and d{u) are given by 03.91) and 03.101) . For example, the hrst three 
ones are given by 


= Afc(M+ |)Afc(M- |)-(5 (m+|), 

aJ,"\m) = Ak{u + ri)Ak{u)Ak{u-ri)-6{u + ri)Ak{u-ri)-6{u)Ak{u + ri), 

= Afc(M+y)Afc(M + |)Afc(M-|)Afc(M-y) 

-5{u + y) Ak{u - |) Ak{u - y) - <5 (m + |) Ak{u + y) Ak{u - y) 

-5{u - |) Akiu + y) Akiu + |) + + y)^(M - |)- 

The truncation identity 03.2np of the spin-| transfer matrix leads to the fact that the corre- 
spending eigenvalue A)^ [u) satisfies the relation 

aF(«) = A[n) + V(u) + S(u - ( 4 . 6 ) 
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where the functions A{u) and Viu) are given by fl3.12p - fl3.13p . 

It is believed [ll|lHl|19] that the quasi-periodicity fl4.2p . the asymptotic behavior fl4.3|) . the 
analytic property fl4.4p and the truncation identity fl4.6l) completely determine the eigenvalues 
{Ak{u)\k = 1,2, ■ ■ ■ ,p} of the fundamental transfer matrix t{u) given by fl2.12p . 


4.2 T-Q relation 

4.2.1 Generic case 

Following the method developed in [13] (or for details we refer the reader to USD, let us 
introduce the following inhomogeneous T — Q relation 

(4.7) 

Q{u) Q{u) Q{u) 

where is a generic complex number the functions a{u) and d{u) are given by (13.9p and 
fl3.inp . the function Fk{u) is given by 


Fk{u) = A{u) + V{u) - eP^>‘A{u) - e-P^^V{u), 

p p 

~ mr]), 'D{u) = d{u — mrj). 


m=l 


m=l 


and the function Q{u) is a trigonometric polynomial of degree {p — 1)N 

{p-l)N 

Qi'^) = sinh(M — Xj). 

i=i 


(4.8) 

(4.9) 


(4.10) 


Here the (p — l)iV -|- 1 parameters and {Xj\j = 1, • • •, (p — l)iV} satisfy the associated 
Bethe Ansatz equations (BAEs) 


e‘^'=a(Aj)Q(Aj — r]) + e '^'‘d{Xj)Q{Xj + p) 

+A^-P^^CkFk{Xj) = 0, j = 1,..., (p - l)iV, 
qkjj{+) + q-kp^{+) _ 2 |Z}(+)i?(+) cosh(0fc + -Np) 


(4.11) 


= Ck ^ 


|{p)(+)}p + jpr(+)}p _ 2(-l)^ coshp0fc} , (4.12) 


q-kD(A + qkp{-) _ ^<Pk-fv 




{ 


{ A )(+) F (+)}2 


- + e 


- 24 >k+Nr]_ 


GMhF) 

{D(+)F(Ay 


is chosen such that the degree of the trigonometric polynomial Fk{u) given by (14.81) is pN. 
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Table 1: The Bethe roots solved from the Bethe Ansatz equations fl4.lip - fl4.13p for p = 3, 


N = 2 and 0^ = 0 with the inhomogeneity parameters = 2, = 1/2, = 3, 



= 

1/3, 4^) = v^, = l/x/3, #^ 

= \/2 and 

= l/\/2. 


n 

k 

Ai 

A 2 

As 

A 4 


1 

0 

-0.41481 - 0.48777i 

-0.41481 + 0.48777* 

0.16543 - 0.35104* 

0.16543 + 0.35104* 

0.07290 + 0.00000* 

2 

0 

-0.66826 - 1.49724i 

-0.04032 - 0.48519* 

0.06867 + 1.53930* 

0.14115 + 0.44313* 

0.07290 + 0.00000* 

3 

0 

-0.66826 + 1.49724i 

-0.04032 + 0.48519* 

0.06867- 1.53930* 

0.14115 - 0.44313* 

0.07290 + 0.00000* 

4 

1 

-0.38066 - 1.28929* 

-0.18674 + 0.42053* 

0.33201 + 0.59239* 

0.48476 + 1.21602* 

-0.08872 + 0.02966* 

5 

1 

-0.21413 - 0.44969* 

0.07446 + 0.72464* 

0.16553 - 0.57279* 

0.22352 + 1.23748* 

-0.08872 + 0.02966* 

6 

1 

-0.22477 - 0.43023* 

0.06454 + 0.56084* 

0.18032 - 0.56761* 

0.22930 + 1.37666* 

-0.08872 + 0.02966* 

7 

2 

-0.38066 + 1.28929* 

-0.18674 - 0.42053* 

0.33201 - 0.59239* 

0.48476 - 1.21602* 

-0.08872 - 0.02966* 

8 

2 

-0.21413 + 0.44969* 

0.07446 - 0.72464* 

0.16553 + 0.57279* 

0.22352 - 1.23748* 

-0.08872 - 0.02966* 

9 

2 

-0.22477 + 0.43023* 

0.06454 - 0.56084* 

0.18032 + 0.56761* 

0.22930 - 1.37666* 

-0.08872 - 0.02966* 


= CkC ^ 


X {D^-^Y + {F^-^Y - e 


p<t>k 


{C(-)ij(+)}p 


o-P^k 




{_D(+)_p(+)}2 {T)(+)F(+)}2 

Here the constants and are given by fl3.3p and and read 

N N 




(4.13) 


(4.14) 


n=l 


n=l 


Notice that for a given 0^, either fl4.12p or fl4.13p only serves as a selection rule (see the 
remarks in the end of appendix A). 

It can be shown that the inhomogeneous T — Q relation (14.7p does indeed satisfy (14.2p - 
(14.4p and (14. 6 p provided that the (p — 1)A^ -|- 1 parameters Ck and {Xj\j = 1, • • •, (p — 1)A^} 
obey the BAEs fl4.11l) - fl4.13l) . The proof is given in appendix A. Hence {Ak{u)\k = 1, • • • ,p} 
given by the T — Q relation (14.71) become the eigenvalues of the transfer matrix t{u) of the 
r 2 -model with periodic boundary condition. 

Numerical solutions of the Bethe Ansatz equations and exact diagonalization of the trans¬ 
fer matrix are performed for p = 3, N = 2 and N = 3 and arbitrarily chosen inhomogeneity 
parameters. The Bethe roots for given 0^ are shown in Table 1&2 (A^ = 2) and Table 3&4 
{N = 3) respectively. The A(n) curves calculated from exact diagonalization and from the 
T — Q relation coincide exactly (Figure 1&2), which imply that the inhomogeneous T — Q 
relation does indeed give the complete and correct spectrum of the generic T 2 transfer matrix. 

With the help of the determinant representation (14.5p . we can obtain the eigenvalues 
{A^^\u)\j = 1,|,---,|} of the higher spin-j transfer matrices {t^^\u)\j = 1,|,---,|}. 
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Figure 1: Real (a) and imaginary (b) parts of the eigenvalues A(u) for p = 3, N = 2, 
rfW = 2, /f) = 1/2, = 3, = 1/3, = ^/3, /f^ = l/x/3, = x/2 and 

^ 2 ^^ = 1/\/2- The curves calculated from exact diagonalization coincide with those derived 
from the inhomogeneous T — Q relation. 


Table 2: The Bethe roots solved from the Bethe Ansatz equations fl4.11l) - fl4.13l) for p = 3, 
N = 2 and 0^ = 1 with the inhomogeneity parameters = 2, = 1/2, = 3, 



= 

1/3, 4*> = A /i*' = 1/V3, 

= \/2 and 

= I/V 2 . 


n 

k 

Ai 

A 2 

A 3 

A 4 


1 

0 

-1.11708 + 0.45660i 

-0.21978 - 0.33183/ 

0.12531 + 0.21565/ 

0.14087 - 0.52391/ 

0.08911 + 0.01654/ 

2 

0 

-1.24428 + 1.38621/ 

-0.01821 - 0.44011/ 

0.04372 - 1.51711/ 

0.14809 + 0.38754/ 

0.08911 + 0.01654/ 

3 

0 

-1.32148 + 1.26038/ 

-0.00660 + 0.42108/ 

0.12388 - 0.38684/ 

0.13352 - 1.47809/ 

0.08911 + 0.01654/ 

4 

1 

-0.79677- 1.04629/ 

-0.63157 + 0.66772/ 

0.09800 + 0.34342/ 

1.41424 + 1.03879/ 

-0.21364 + 0.11605/ 

5 

1 

-0.54458 - 0.56692/ 

-0.39125 + 1.02018/ 

0.18039 - 0.47610/ 

0.83934 + 1.02649/ 

-0.21364 + 0.11605/ 

6 

1 

-0.50863 - 0.52803/ 

-0.23822 + 1.02316/ 

0.21632 - 0.51790/ 

0.61444 + 1.02642/ 

-0.21364 + 0.11605/ 

7 

2 

-0.16368 - 0.27977/ 

-0.15197- 1.49634/ 

0.56109 + 1.39587/ 

0.74134 - 0.43992/ 

-0.09374 - 0.03046/ 

8 

2 

-0.17493 + 0.27850/ 

0.03704 - 0.71000/ 

0.53931 + 0.65255/ 

0.58536 - 1.04121/ 

-0.09374 - 0.03046/ 

9 

2 

-0.18197 + 0.26803/ 

0.06268 - 0.56937/ 

0.53093 + 0.61846/ 

0.57514 - 1.13728/ 

-0.09374 - 0.03046/ 
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Figure 2: Real (a) and imaginary (b) parts of the eigenvalues A(m) for p = 3, = 3, d \^2 3 = 

{2, 0.2, 3}, /gg = {0.6,4, 0.5}, = (1,0.4, 5}, hgg = (1.2, 2, 0.3}, dgg = (3,1,1.5}, 

/i^s ~ {0-4) 0-8) 1}) 91^2,3 = {4, 0.1, 2} and h^^ 2,3 = {0-3, 8, 0.75}. The curves calculated from 
exact diagonalization coincide with those derived from the inhomogeneous T — Q relation. 
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solved from the Bethe Ansatz 
;(+) _ ro n o 


Table 3: The Bethe roots 
inhomogeneity parameters d '\^2 3 = {2, 0.2, 3}, /123 = {0-6, 
/ly^s ~ {0-4, 0.8,1}, = {4, 0.1, 2} and ^^ 2^3 ~ {0-3, 8, 0 


equations (I4.1ip - fl4.13p for p = 
4,0.5}, = {1,0.4, 5}, h^ 2^,3 

75}. 


3, N = 3 and (/)fc = 0 with the 
= {1.2, 2, 0.3}, 472!3 = {3,1,1.5}, 


M 


X 2 


A3 


A4 


As 


Ae 




1 

0 

- 1.40457 

— 

0 . 54217 i 

- 1.14643 

+ 

0.485741 

0.21213 - 

0.512441 

0.26215 

+ 

0.526281 

2.23260 

+ 

0 . 58946 i 

2.25229 

— 

0.546881 

0.11101 + 0.000001 

2 

0 

- 1.37944 

+ 

0 . 44821 i 

- 1.08099 

- 

1.534771 

0.15169 - 

0.571671 

0.25002 

- 

1.513481 

2.22412 

+ 

0.582461 

2.24278 

- 

0.552341 

-0.11101 - 0.000001 

3 

0 

- 1.34404 

+ 

1 . 57012 i 

- 1.20296 

- 

0.439611 

0.17315 + 0.546691 

0.31772 

+ 

1.413991 

2.22188 

+ 

0.592531 

2.24243 

- 

0.542131 

-0.11101 - 0.000001 

4 

0 

- 1.40652 

- 

0 . 53734 i 

- 1.16460 

+ 

0.497061 

0.16933 - 

0.477891 

0.21026 

+ 

1.533951 

2.25354 

+ 

0.546961 

2.34616 

- 

1.562751 

0.11101 - 0.000001 

5 

0 

- 1.40978 

- 

0 . 54088 i 

- 1.16556 

+ 

0.479331 

0.19408 + 0.518981 

0.27686 

- 

1.434791 

2.21747 

- 

0.595761 

2.29509 

- 

1.568461 

-0.11101 + 0.000001 

6 

0 

- 1.34697 

+ 

1 . 55928 i 

- 1.19166 

- 

0.455931 

0.16445 + 0.474191 

0.18455 

- 

0.543181 

2.25285 

+ 

0.537731 

2.34494 

+ 

1.569501 

-0.11101 - 0.000001 

7 

0 

- 1.37026 

+ 

0 . 45267 i 

- 1.08588 

- 

1.500011 

0.16322 + 0.568581 

0.18792 

- 

0.514321 

2.21829 

- 

0.587811 

2.29488 

- 

1.560711 

-0.11101 - 0.000001 

8 

0 

- 1.37070 

+ 

0.441751 

- 1.04295 

- 

1.511481 

- 0.00426 - 

1.549041 

0.21005 

+ 

0.504111 

2.26182 

+ 

0.541641 

2.35421 

- 

1.568571 

-0.11101 - 0.000001 

9 

0 

- 1.33477 

+ 

1.561651 

- 1.18061 

- 

0.436231 

0.13757 + 

1.548961 

0.25827 

- 

0.517621 

2.22542 

- 

0.592421 

2.30229 

- 

1.564341 

0.11101 - 0.000001 

10 

1 

- 2.36717 

- 

0.640801 

- 1.31215 

+ 

0.727351 

0.21062 - 

0.513161 

0.25655 

+ 

0.527681 

1.95573 

- 

1.233071 

1.97213 

+ 

0.772161 

0.15671 - 0.119011 

11 

1 

- 2.25583 

+ 

1.551931 

- 1.41980 

- 

0.270511 

0.17387 + 

0.549101 

0.31057 

+ 

1.398471 

1.94548 

- 

1.222171 

1.96142 

+ 

0.774941 

- 0.15671 + 0.119011 

12 

1 

- 2.26897 

+ 

0.338401 

- 1.32210 

- 

1.280081 

0.15296 - 

0.578351 

0.24772 

- 

1.507231 

1.94115 

- 

1.237921 

1.96495 

+ 

0.763761 

- 0.15671 + 0.119011 

13 

1 

- 2.38318 

- 

0.635251 

- 1.32403 

+ 

0.711671 

0.19433 + 

0.518411 

0.27035 

- 

1.423321 

1.94420 

+ 

0.718931 

2.01404 

- 

0.250291 

0.15671 - 0.119011 

14 

1 

- 2.37051 

- 

0.623541 

- 1.33281 

+ 

0.728281 

0.17173 - 

0.474901 

0.20767 

+ 

1.531071 

1.97436 

- 

1.274141 

2.06528 

- 

0.246601 

0.15671 - 0.119011 

15 

1 

- 2.24810 

+ 

0.328411 

- 1.31046 

- 

1.250361 

0 . 01507 - 

1.551641 

0.20876 

+ 

0.505441 

1.98173 

- 

1.281891 

2.06872 

- 

0.251401 

- 0.15671 + 0.119011 

16 

1 

- 2.24610 

+ 

1.531551 

- 1.40132 

- 

0.261681 

0.14240 + 

1.550261 

0.25296 

- 

0.519031 

1.94771 

+ 

0.727511 

2.02007 

- 

0.246861 

- 0.15671 + 0.119011 

17 

1 

- 2.26756 

+ 

1.533131 

- 1.40348 

- 

0.281541 

0.16668 + 

0.470801 

0.18558 

- 

0.544631 

1.97161 

- 

1.285261 

2.06290 

- 

0.252351 

0.15671 - 0.119011 

18 

1 

- 2.24957 

+ 

0.352381 

- 1.34102 

- 

1.257551 

0.16508 + 

0.574401 

0.18837 

- 

0.513211 

1.93836 

+ 

0.727051 

2.01449 

- 

0.242911 

0.15671 - 0.119011 

19 

2 

- 1.96565 

- 

0.852981 

- 1.71352 

+ 

0.653451 

0.21076 - 

0.513281 

0.25633 

+ 

0.526911 

1.95534 

- 

0.730701 

1.97245 

+ 

1.276441 

0.15671 + 0.119011 

20 

2 

- 1.90791 

+ 

0.177851 

- 1.68438 

- 

1.408961 

0.15356 - 

0.577541 

0.24708 

- 

1.508801 

1.94392 

- 

0.731951 

1.96344 

+ 

1.267651 

- 0.15671 - 0.119011 

21 

2 

- 1.93248 

+ 

1.317451 

- 1.74683 

- 

0.324591 

0.17394 + 

0.548471 

0.31135 

+ 

1.400511 

1.94926 

- 

0.721221 

1.96047 

+ 

1.280811 

- 0.15671 - 0.119011 

22 

2 

- 1.97499 

- 

0.843831 

- 1.72780 

+ 

0.658781 

0.17166 - 

0.474331 

0.20771 

+ 

1.530041 

1.97521 

- 

0.770131 

2.06392 

+ 

0.259311 

0.15671 + 0.119011 

23 

2 

- 1.97821 

- 

0.856301 

- 1.72547 

+ 

0.644431 

0.19443 + 

0.517891 

0.26961 

- 

1.421481 

1.94102 

+ 

1.220181 

2.01433 

+ 

0.255121 

0.15671 + 0.119011 

24 

2 

- 1.91801 

+ 

1.306961 

- 1.72979 

- 

0.325551 

0.14265 + 

1.549421 

0.25294 

- 

0.518731 

1.94809 

+ 

1.230291 

2.01983 

+ 

0.259041 

- 0.15671 - 0.119011 

25 

2 

- 1.89125 

+ 

0.178541 

- 1.66717 

- 

1.396061 

0.01519 - 

1.548231 

0.20867 

+ 

0.504841 

1.98138 

- 

0.777371 

2.06890 

+ 

0.256541 

- 0.15671 - 0.119011 

26 

2 

- 1.93408 

+ 

1.299941 

- 1.73940 

- 

0.339541 

0.16686 + 

0.470601 

0.18568 

- 

0.544661 

1.97229 

- 

0.779851 

2.06435 

+ 

0.253341 

0.15671 + 0.119011 

27 

2 

- 1.90020 

+ 

0.192771 

- 1.68723 

- 

1.388681 

0.16492 + 

0.573951 

0.18835 

- 

0.513201 

1.93588 

+ 

1.232661 

2.01399 

+ 

0.262331 

0.15671 + 0.119011 













Table 4: The Bethe roots solved from the Bethe Ansatz equations (I4.1ip - fl4.13p for p = 
inhomogeneity parameters = {2, 0.2, 3}, = {0.6,4, 0.5}, 5(^3 = {1,0.4, 5}, 

/Ss = {0.4, 0.8,1}, ^/gg = {4, 0.1, 2} and hj^g = {0.3, 8 , 0.75}. 


3, N = 3 and = 
= {1.2, 2, 0.3}, 472^3 = 


1 with the 
{3,1,1.5}, 


n 

k 



A 2 


A 3 


A 4 


A 5 


Ae 


1 

0 

-1.18077 

- 

0.63093i 

-0.77548 

+ 

0.421061 

0.20506 - 0.487751 

0.41948 

+ 

0.545671 

1.84319 

- 

0.632321 

2.12005 

+ 

0.784271 

0.03770 - 0.000001 

2 

0 

-1.10529 

+ 

0.34161i 

-0.62163 

- 

1.460401 

0.05537- 0.628311 

0.37145 

- 

1.524471 

1.82712 

- 

0.623761 

2.10450 

+ 

0.753741 

-0.03770 - 0.000001 

3 

0 

-1.09702 

- 

1.53557i 

-0.90813 

- 

0.344311 

0.08547 + 0.528101 

0.62553 

+ 

1.186191 

1.84220 

- 

0.615281 

2.08348 

+ 

0.780861 

0.03770 + 0.000001 

4 

0 

-1.18259 

- 

0.61106i 

-0.80832 

+ 

0.449541 

0.12775 - 0.407941 

0.16347 

- 

1.545131 

1.92326 

+ 

0.297371 

2.40796 

- 

1.324361 

-0.03770 + 0.000001 

5 

0 

-1.19765 

- 

0.62056i 

-0.80874 

+ 

0.415201 

0.27139 + 0.558661 

0.41527 

- 

1.228831 

1.66113 

+ 

1.396271 

2.29013 

- 

0.520741 

0.03770 + 0.000001 

6 

0 

-1.10378 

- 

1.56716i 

-0.87367 

- 

0.362521 

0.10949 + 0.384631 

0.16998 

- 

0.545361 

1.91951 

+ 

0.288681 

2.41000 

- 

1.339871 

-0.03770 - 0.000001 

7 

0 

-1.07093 

+ 

0.344091 

-0.63932 

- 

1.350591 

0.16445 + 0.633001 

0.22628 

- 

0.535001 

1.67027 

+ 

1.417231 

2.28078 

- 

0.508721 

0.03770 + 0.000001 

8 

0 

-1.08780 

+ 

0.311201 

-0.46010 

- 

1.190851 

-0.36385 + 1.475111 

0.19124 

+ 

0.445711 

1.92905 

+ 

0.289431 

2.42300 

- 

1.330601 

0.03770 - 0.000001 

9 

0 

-1.06678 

- 

1.558901 

-0.87270 

- 

0.317281 

0.22250 + 1.477391 

0.37070 

- 

0.494101 

1.68121 

+ 

1.399161 

2.29661 

- 

0.506281 

0.03770 + 0.000001 

10 

1 

-1.45639 

- 

0.682401 

-0.79897 

+ 

0.539671 

0.20441 - 0.490251 

0.40545 

+ 

0.555001 

1.67944 

- 

0.960681 

1.83770 

+ 

0.821241 

0.03029 - 0.011641 

11 

1 

-1.33685 

- 

1.524071 

-0.96823 

- 

0.265431 

0.07943 + 0.531341 

0.60852 

+ 

1.148531 

1.67359 

- 

0.922571 

1.81519 

+ 

0.814771 

0.03029 - 0.011641 

12 

1 

-1.32102 

+ 

0.278901 

-0.69844 

- 

1.318741 

0.04696 - 0.652351 

0.37397 

- 

1.514931 

1.63642 

- 

0.950971 

1.83377 

+ 

0.799081 

-0.03029 + 0.011641 

13 

1 

-1.48351 

- 

0.671321 

-0.83065 

+ 

0.525221 

0.27356 + 0.565601 

0.39269 

- 

1.214841 

1.54772 

+ 

0.854311 

1.97184 

- 

0.276401 

0.03029 - 0.011641 

14 

1 

-1.46147 

- 

0.651841 

-0.83885 

+ 

0.562321 

0.13313 - 0.403771 

0.16379 

- 

1.542011 

1.87621 

- 

0.081661 

1.99885 

- 

1.242071 

-0.03029 + 0.011641 

15 

1 

-1.28987 

+ 

0.245711 

-0.62143 

- 

1.144151 

-0.29341 + 1.568271 

0.19063 

+ 

0.449501 

1.88066 

- 

0.090191 

2.00508 

- 

1.246571 

0.03029 - 0.011641 

16 

1 

-1.30182 

- 

1.561231 

-0.93594 

- 

0.240331 

0.22228 + 1.484961 

0.35819 

- 

0.505151 

1.55627 

+ 

0.874791 

1.97267 

- 

0.270481 

0.03029 - 0.011641 

17 

1 

-1.34976 

- 

1.568881 

-0.93296 

- 

0.280031 

0.11438 + 0.378051 

0.17059 

- 

0.547501 

1.87114 

- 

0.090411 

1.99826 

- 

1.250261 

-0.03029 + 0.011641 

18 

1 

-1.27444 

+ 

0.293161 

-0.74475 

- 

1.231061 

0.16793 + 0.653641 

0.22647 

- 

0.536821 

1.52925 

+ 

0.875891 

1.96718 

- 

0.272241 

0.03029 - 0.011641 

19 

2 

-1.35404 

- 

0.797381 

-0.89775 

+ 

0.511951 

0.20503 - 0.489091 

0.40262 

+ 

0.553581 

1.63222 

- 

0.724361 

1.88358 

+ 

1.162741 

0.03029 + 0.011641 

20 

2 

-1.23264 

+ 

0.205191 

-0.79546 

- 

1.390831 

0.05445 - 0.647971 

0.36607 

- 

1.523971 

1.59919 

- 

0.704251 

1.88004 

+ 

1.137661 

-0.03029 - 0.011641 

21 

2 

-1.28301 

+ 

1.500791 

-1.03057 

- 

0.298091 

0.08365 + 0.528081 

0.60821 

+ 

1.163221 

1.63587 

- 

0.689721 

1.85750 

+ 

1.154741 

-0.03029 - 0.011641 

22 

2 

-1.36454 

- 

0.773401 

-0.93180 

+ 

0.531331 

0.13333 - 0.401141 

0.16253 

- 

1.543771 

1.83391 

+ 

0.106601 

2.03823 

- 

0.843781 

-0.03029 - 0.011641 

23 

2 

-1.37931 

- 

0.793451 

-0.92608 

+ 

0.498501 

0.27348 + 0.561231 

0.38926 

- 

1.199291 

1.42181 

+ 

1.057671 

2.09248 

+ 

0.092771 

0.03029 + 0.011641 

24 

2 

-1.24340 

+ 

1.473551 

-0.99698 

- 

0.277551 

0.22686 + 1.481331 

0.35590 

- 

0.501561 

1.44032 

+ 

1.083901 

2.08896 

+ 

0.099361 

-0.03029 - 0.011641 

25 

2 

-1.20219 

+ 

0.180871 

-0.67017 

- 

1.276211 

-0.33153 - 1.529551 

0.18985 

+ 

0.446361 

1.84149 

+ 

0.098551 

2.04421 

- 

0.844181 

-0.03029 - 0.011641 

26 

2 

-1.28768 

+ 

1.457161 

-0.99898 

- 

0.317181 

0.11502 + 0.377831 

0.17053 

- 

0.546621 

1.83151 

+ 

0.095481 

2.04125 

- 

0.849251 

0.03029 + 0.011641 

27 

2 

-1.19567 

+ 

0.221431 

-0.81573 

- 

1.310251 

0.16976 + 0.649791 

0.22613 

- 

0.534791 

1.40246 

+ 

1.098191 

2.08470 

+ 

0.093061 

0.03029 + 0.011641 













4.2.2 Degenerate case 

For generic inhomogeneous parameters {dlt\ h^'^\n = obeying the 

constraint fl2.8p . the inhomogeneous term in the T — Q relation fl4.7p does not vanish. In 
this subsection we consider some special case such that the inhomogeneous term vanishes. 
In this case, the inhomogeneous parameters {d^\ 9rt\ h^'^\n = have to 

obey some further constraints besides fl2.8p as follows: 

G(-) F^-\ (4.15) 


or 


^2Mr,Q{-) JJ{+) ^ (_ 1 )^£){+)/}(-), 


(4.16) 


and 


^(p(iv-2»)({^(±)_ ^(±)_ j(±)_ fttt)}) = 0, / = 1,. ■ ■, Af - 1. (4.17) 

Here and are given by fl3.3p and fl4.14p . and each (given in 

flA.2p below) is a polynomial of the inhomogeneous parameters {d!'it\ fn^\ g 7 ^\ hlt'^\n = 
l,---,iV}. It is noted that in fl4.15p (or (I4.16p ). M is some non-negative integer. The 
corresponding inhomogeneous T — Q relation (I4.7p then reduces to the conventional one [13] : 


or 


A,(„) = I^T I 


\ DM / Q(u) 
where the function Q{u) becomes 


i F(+) / Q(u) ' 


M 


Q{u) = ]^sinh(M — Xj). 

i=i 

The M parameters {Xj\j = 1, • • •, M} satisfy the associated BAEs 

-(V-2M+2 


(4.20) 


or 


,-(V-2 


dm a(X,) 

F(+) d(Aj) 

Q(\, 

Q{Xj 

+’') , = i. 

-V) 


(4.21) 

a(Aj) 

DM d{\,) ~ 

Q(Xi 

Q(A,- 

1 + 


(4.22) 


The proof is given in Appendix B. 
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5 Conclusions 


The most general cyclic representations of the quantum r 2 -model (also known as Baxter- 
Bazhanov-Stroganov (BBS) model) with periodic boundary condition has been studied via 
the off-diagonal Bethe Ansatz method [15]. Based on the the truncation identity fl3.20p of 
the fused transfer matrices, we construct the inhomogeneous T — Q relation fl4.7p of the 
eigenvalue of the fundamental transfer matrix t{u) and the associated BAEs fl4.lip - fl4.13p . 

It should be noted that for generic inhomogeneity parameters {dlt\ fn'^\ \n = 

1 , • • •, A^} obeying the constraint fl2.8p . the inhomogeneous term (i.e., the third term) in the 
T — Q relation (14.7p does not vanish, as long as one takes a polynomial Q function. However, 
if these inhomogeneity parameters satisfy the further constraints fl4.15p and fl4.17p (or fl4.16p 
and fl4.17p b the corresponding T — Q relation reduces to the conventional one fl4.18l) (or 

dm). 
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Appendix A: Proof of the T — Q relation 

In this appendix we prove that the inhomogeneous T — Q relation fl4.7p does satisfy fl4.2p - 
fl4.4p and fl4.6l) if the (p — 1)N -|- 1 parameters Ck and {Xj\j = 1, • • •, (p — 1)Y} obey the 
BAEs fimn - fimn . 

From the construction fl4.7p of the T — Q relation and the definitions fl4.8p - fl4.10p . one 
can easily check that the T — Q relation satisfies the quasi-periodicity property fl4.2p . The 
BAEs fl4.12p - fl4.13p ensure that the asymptotic behavior fl4.3|) is also fulhlled. Moreover the 
BAEs fl4.1ip imply that the functions given by the T — Q relation fl4.7p actually satisfy fl4.4p . 
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So far, the T — Q relation already makes fl4.2p - fl4.4p satisfied. 

Let us consider the function Fk{u) given by fl4.8|) . For generic inhomogeneity parameters 
fn^\ g^\ satisfying the constraint fl2.8l) . we know that, as a 

function of e“, Fk{u) is a Laurent polynomial of degree pN with the form 


Fkiu) 


Aiu) + V{u) - eP^^^Aiu) - e-P^'^Viu) 

p{p^)^pNu _|_ piviN—2))^p[N—2)u . _j_ p{—P^)^—pNu 




1 


(A.l) 


where {zj mod (2i7r)|j = 1, • • • ,piV} are the zeros of Fk{u) which are all different from each 
other and the constant is related to the asymptotic behaviors of the function. The 
relations fl3.14p and the dehnition fl4.9p imply that the function Fk(u) actually is a Laurent 
polynomial of with a degree N (i.e., there are only iV + 1 non-vanishing coefficients in 
the expansion (lA.lD ), namely, 

N 

Ft(u) = /y>. sF. 

1=0 


N 

jp{p{N-2l))^p{N-2l)u 

1=0 


(A.2) 


where the iV -|- 1 non-vanishing coefficients {F^^^ = 0,1, • • •, N} are polynomials of 

the inhomogeneity parameters {dlt\ fn^\ gi^\ Moreover, it follows 

that 


Fk{zj) = Fk{zj + mg) = 0, m e Z. 


(A.3) 


Let us introduce the function g{u) which is given by 
g{u) = a[^\m) — A{u) — V{u) — 5{u — (- 


1 

-)>))a1 ^ V). 


(A.4) 


....A a(^)/ 


where {u) and A^ ^ {u) are given by the determinant representation (14.5p with Ak{u) 
given by (14.71) . From the above dehnition, one knows that the function g{u) as a function 
of e“ is a Laurent polynomial of degree pN of similar form as (lA.ip . Hence g{u) is uniquely 
determined by its pA^-|-l points values such as -|-oo (or —oo) and {zj\j = 1, • • • ,pN}. Thanks 
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to the property flA.3D . we have 


Kk{zj + mrj) 


e'^'' a{zj + mr]) 


Q{zj + mr] - 1]) 
Q{zj + mr]) 


+ e d{zj + mr]) 


Q{zj + mr] + r]) 
Q{zj + mr]) 


m G Z, j = 1, • • • ,pN. 


(A.5) 


Substituting the above relations into (14.bh and noting the fact pq = 2m, after some tedious 
calculation, we have 

= A(Zj) + V{Zj) +S(Zj- j = l,---,pN. (A.6) 

In deriving the second equality, we have used the fact: Fk{zj) = 0. Then flA.bp implies that 
the function g{u) vanishes at the points Zj, namely, 

9{zj) = 0, j = l,---,pN. (A.7) 

The BAEs fl4.12l) - fl4.13l) imply that the functions given by the T — Q relation fl4.7p also satisfy 
fl4.3p . which give rise to 


lim g{u) = 0. 

u^ztoo 


(A.8) 


flA.7P - (lA.8[) imply that g{u) = 0. Namely, the inhomogeneous T — Q relation fl4.7l) does 
satisfy fl4.6p . Therefore we can conclude that {Ak{u)\k = l,---,p} given by the T — Q 
relation fl4.7p are the eigenvalues of the transfer matrix t{u) of the r 2 -model with periodic 
boundary condition provided that the (p—1)A^+1 parameters Ck and {Aj|j = 1, • • •, (p—1)A^} 
satisfy the BAEs fl4dTD - fHT3ll . 

Some remarks are in order. Due to the fact that g{u) given by flA.4j) as a function of e“ 
is a Laurent polynomial of degree pN, the relations 


g{u) = 0, when u = zi, ■ ■ ■, ZpN, +cxo, 

are already sufficient to ensure g{u) = 0. This implies that the BAEs fl4.lip - fl4.12p are 
sufficient to guarantee that the T — Q relation fl4.7l) satisfy fl4.2l) . fl4.4p . fl4.6l) and fl4.3p with 
the u —>■ -I-CX3 limit. Then the BAE fl4.13l) only plays a role of the selection rule such that 
the u -P —oo behavior also matches. 
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Appendix B: Proof of the degenerate case 


In this appendix we show that the inhomogeneous T — Q relation fl4.7p does reduce to the 
conventional one (I4.18p (or (14.19p ) when the inhomogeneity parameters satisfy the constraints 
(144^ and flOTl) or fl4d6l) and fOTl) . 

Suppose that the inhomogeneous T — Q relation (14.7p can be reduced to the conventional 
one, namely, 


Ak{u) 



Qju-vi) 

Q{u) 


+ e ^’‘diu) 


Qju + r]) 
Q{u) 


where the Q-function is 


(B.l) 


M 

Q{u) = ]^sinh(M — Aj), 

i=i 

and M is a non-negative integer to be specified by (14.151) (or (14.161) ). The asymptotic behavior 
fl4.3p of Ak{u) now becomes 


- 2 ^ cosh((/)fc + (y - M)ri) = 0, (B.2) 

^ 0. (B.3) 

{ T )(+) F (+)}2 { T )(+) F (+)}2 J 

Only when the inhomogeneity parameters obey the constraint fl4.15p or fl4.16p . there does 
exist a solution to the above two equations: 


X 


Q‘kk + {^-+^)V 


( p4>k - p-(f-M+fc)r, 1 

f D(+) 1 

J e e 2 ^ 

1 J 

1 p4>k _ p-(f-M+fc)r, 1 

r F(+) ) 


[DWJ 


under constraint fl4.15p . 


under constraint fl4.16p . 


(B.4) 


It is easy to check that both solutions give rise to = 0. Together with fl4.17p . 

we have that in each constrained case f fl4.15p and fl4.17p or fl4.16l) and fl4.17p ) the function 
Fk{u) indeed vanishes, namely, Fk{u) = 0. Substituting the solution flB.4l ) into fIB.ip . we 
obtain the conventional T — Q relation fl4.18l) or fl4.19p respectively. 

Substituting fl4.18l) into fl4.5p and noting the fact prj = 2i7i, after some tedious calculation, 
we have 



+ e -|- 6{u — (^-^—)^)^i ^ \'^) 

A(u} + V(u} + S(u - 


(B.5) 


20 





























































In deriving the second equality, we have used the fact: Fk{u) = 0 when the inhomogeneity 
parameters {d!^\ fn^\ git\ h^'’\n = satisfy the constraints (12.81) . (14.151) and 

(I4.17p . Similarly we can prove that the reduced T — Q relation (I4.19p satishes (14.3p and (14.61) 
provided that the inhomogeneity parameters obey the constraints (12.81) . (I4.16P and (I4.17p . 
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